Mass Transfer to a Rotating Fluid:
Part |. Transport from a Stationary Disk to a Fluid in Bodewadt Flow

Solutions are developed for mass transfer between a fluid undergoing

solid body rotation and a coaxial disk which is located on a stationary in-
finite surface. The fluid mechanics corresponds to a laminar Bodewadt
boundary layer. The overall mass transfer is dominated by the outer por-
tion of the disk, a result of the high transfer rate associated with a leading
edge. The concentration field near the axis of rotation extends to great axial
distances as a long narrow plume. Approximate analytical solutions are
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given for each of these regions, and a numerical solution is provided for

the entire concentration field.

SCOPE

Axially symmetric boundary layers in laminar, incom-
pressible Newtonian flow are of special interest in fluid
dynamics because they frequently occur in real situations
and because exact solutions of the Navier-Stokes or bound-
ary layer equations are obtainable in some cases. A classi-
cal example is the case of flow in the neighborhood of a
disk which rotates in a large body of quiescent fluid. Heat
and mass transfer from such a rotating disk is of both
theoretical interest and practical utility, for example, in
the experimental study of transport and kinetic phenom-
ena, because the rotating disk is a surface of uniform ac-
cessibility such that the concentration profile is indepen-
dent of distance from the axis of rotation.

A problem closely connected with the rotating disk is
its inverse, namely, the case of motion near a stationary
surface when the fluid at a large distance above it is in
solid body rotation. Near the surface, flow is radially in-
wards and axially upwards. An exact solution to the
boundary layer equations for this problem has been ob-
tained by Bodewadt (1940). Heat and mass transfer under
these conditions is of interest for several reasons. The solu-
tion gives physical insight into the two-dimensional inter-
action between convection and diffusion because marked
differences in length scales characterize different regions
of the concentration field and because convection normal
to the surface plays an important role in the transport
process. Further, the problem provides a distinct contrast
to the rotating disk configuration in that, for boundary
conditions of practical interest, the surface is not uniformly
accessible. Most significantly, the problem has practical
application, for example, to problems involving rotating
turbo-machinery and vortex chambers. Application of the
theory developed here to mass transfer from the base of
an agitated cylindrical tank is treated in a companion
paper (Colton and Smith, 1972).

The system of interest here consists of a body of fluid
which undergoes solid body rotation at a large distance
from an infinite stationary surface. A finite disk coincident

with the surface and coaxial with the axis of rotation ex-
changes mass with the fluid, and it is assumed that a single
ambient concentration exists at infinite distance from the
disk surface. On the disk, boundary conditions of uniform
concentration, uniform mass flux, and a permeable wall
are considered. A theoretical solution for the concentra-
tion profile and mass transfer rate is obtained by a variety
of techniques. The simplifications attendant to the rotating
disk problem no longer hold, and it is necessary to solve
the complete two-dimensional convective diffusion equa-
tion. A numerical solution for the entire concentration field
is obtained by finite difference techniques for Schmidt
numbers ranging from 10~! to 103, and approximate ana-
lytical solutions are derived which are valid over regions
for which one or more of the terms in the convective diffu-
sion equation may be neglected.

For high Schmidt number, the developing concentration
boundary layer near the (circular) leading edge is imbed-
ded well within the momentum boundary layer. The axial
convection and radial diffusion terms are neglected, and
the velocity components are represented by the leading
term in their Maclaurin expansions. This leads to Leveque-
type similarity solutions for both constant concentration
and constant flux boundary conditions on the disk. The
region far from the surface is simplified if the product of
the Schmidt number and the square root of the Reynolds
number is large; in this case, the length scale associated
with the axial direction is far greater than that for the
radial direction, and lines of constant concentration are
almost purely axial. These concepts lead to a particularly
simnle similarity solution which is asymnptotically valid
far from the surface. For a slightly modified radial bound-
ary condition, an exact analytical solution is found in terms
of the analogous transient conduction problem. Con-
versely, if the nroduct of the Schmidt number and the
square root of the Reynolds number is very small, the
problem reduces to one of pure diffusion over virtually
the entire concentration field.

CONCLUSIONS AND SIGNIFICANCE

For high Schmidt number, the leading edge solution,
Equation (23), is an adequate representation of the con-
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centration field over roughly the outer 209, of the disk.
In this region, mass is convected radially inwards and dif-
fused axially unwards, leading to a surface of highly non-
uniform accessibility. The concentration field very close to
the surface is relatively insensitive to the region of oscil-
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latory flow which lies somewhat above it and which gives
rise to coincident oscillations in the concentration profile
(Figures 7 and 8). The oscillations decay rapidly with in-
creasing distance from the disk and the resulting field at
the edge of the momentum boundary layer forms the start-
ing condition for development of the concentration field
far from the surface. This field propagates for immense
axial distances in the form of a plume (Figure 11) which,
as it is depleted by radial diffusion, eventually becomes in-
sensitive to the detailed field close to the surface. That is
to say, it forgets its initial condition.

The mass transfer coefficient, calculated from the near-
field numerical and leading edge solutions, is infinite at
the leading edge and decreases rapidly as the distance
from the axis decreases (Figure 3). The overall transport
process is effectively dominated by the leading edge, the
solution for which leads to an adequate representation of

the average mass transfer coefficient for Schmidt numbers
greater than one (Figure 4).

From the point of view of convective diffusion theory,
the high Schmidt number problem is fascinating in that
different regions of the concentration field are character-
ized by radically different length scales, and these regions
develop essentially without cognizance of each other.

The classical problem of an infinite disk rotating in an
infinite body of quiescent fluid was first treated by von
Karman (1921) and later by Cochran (1934). By a simi-
larity transformation, the complete Navier-Stokes equa-
tions are reduced to a set of ordinary differential equations
for which a solution is readily obtained. The same tech-
nique was employed by Bodewadt (1940) to obtain a
solution of the boundary layer equations for the problem
of an unbounded fluid rotating against an infinite station-
ary surface.

Millsaps and Pohlhausen (1952) examined heat trans-
fer from a rotating disk for Prandtl numbers in the vicinity
of unity, and exact solutions for the limits of very low and
very high Prandtl numbers were obtained by Sparrow and
Gregg (1959). The latter case has been concisely sum-
marized in terms of the mass transfer analogue by Levich
(1962).

Heat or mass transfer from a rotating fluid to a station-
ary surface has not been studied in any depth. The prob-
lem is not amenable to the same similarity transformation
which is successful for the rotating disk. Consequently, the
complete two dimensional convective diffusion equation
must be solved, and the problem provides an interesting
theoretical case study of the interaction of convection and
diffusion. Furthermore, the problem is motivated by a
number of practical applications wherein the Bidewadt
velocity field applies over a significant portion of a sta-
tionary surface (Dorfman, 1963; Mack, 1962 and 1963).
In a companion paper (Colton and Smith, 1972), the
theoretical analysis developed herein is applied to the
problem of mass transfer from the base of an unbaffled
cylindrical tank which is agitated by an axially-mounted
impeller.

VELOCITY FIELD

For an unbounded fluid rotating with an angular veloc-
ity o against an infinite stationary surface, the equations
of motion and the boundary conditions are much the same
as those for the rotating disk. However, at large distances
from the boundary, the centrifugal force and radial pres-
sure gradient are balanced but nonzero. By virtue of the
no slip condition, the circumferential velocity and thus
the centrifugal force approach zero at the surface of the
disk, whereas the radial pressure gradient is essentially
independent of distance from the surface. As a result, a
pressure-driven radial flow which is directed towards the
axis of rotation occurs near the wall and gives rise to an
axial outflow, as required by continuity.

The equations of motion are reduced to a set of ordinary
differential equations by assuming the following familiar
forms for the velocity components (see Figure 1 for co-
ordinate system):

Vi=roF () Vy=1r0G(l) V.=+wH() (1)

where the similarity variable is defined by
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e=2(2)" (2)

v

Bodewadt (1940) obtained a solution to the boundary
layer equations, and details of the solution and the veloc-
ity component profiles may be found in standard texts
(Schlichting, 1960; Dorfman, 1963; Greenspan, 1968).

The axial and circumferential velocity components are
always positive, and the radial component is negative near
the surface. As { increases the flow components oscillate
in magnitude before reaching their asymptotic values. The
radial component alternates between inflow and outflow,
although inflow predominates. The oscillations are caused
by interaction of the centrifugal and Coriolis (—pV,Vy/r)
forces in the circumferential momentum equation. The lat-
ter, with a negative radial velocity, accelerates flow in the
¢ direction to the point where V, is greater in regions of
the boundary layer than in the free stream. The associated
centrifugal force thus exceeds the radial pressure gradient
and causes radial flow reversal. This in turn changes the
sign of the Coriolis force so as to retard the circumferential
velocity and lowers the axial velocity by continuity. The
overshoot phenomenon is damped out in the free stream
as all velocity components become constant, namely, F(o0)
=0,G(w) =1, H(») = const.

The oscillatory behavior leads logically to a useful sub-
division of the velocity field. For future reference we here

define the near field (0 < { 2 3) wherein the radial veloc-
ity component is always negative and the other compo-
nents increase monotonically with distance, the far field

(¢S 15) in which the velocity components have reached
their asymptotic value, and the oscillatory region (3 <t

< 15). The momentum boundary layer thickness, defined
as the height for which the deviation of the circumferential
velocity from the free stream value is less than 2%, is
given by { ~ 8. In contradistinction, all velocity compo-
nents on a rotating disk change monotonically with dis-
tance, and the boundary layer thickness is { ~ 4. The
monotonic behavior follows from the uniformly negative
direction of the Coriolis force, and the latter contrast is
physically reasonable in view of the difference in direction
of the axial flow.

The classical similarity solutions for both the rotating
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disk and rotating fluid are strictly valid for an infinite sur-
face, whereas any surface of practical interest is finite. This
is not a serious problem for the rotating disk at high ro-
tational Reynolds numbers because end effects are con-
fined to a radial region the extent of which is the same
order of magnitude as the thickness of the momentum
boundary layer. This does not hold, however, for the case
of a fluid rotating against a stationary finite disk. Here one
must contend with developing velocity profiles at the lead-
ing (circular) edge of the disk, and the attractively simple
velocity profiles of Equation (1) no longer apply. How-
ever, the available approximate analyses (Mack, 1962
and 1963; Rogers and Lance, 1964; Rott and Lewellen,
1966) show that the Bodewadt solution applies rigorously
in the region near the axis of rotation and that it is an
adequate representation over a large portion (roughly
the inner half) of the disk. Hence, there follows little loss
in generality if the mass transfer surface is limited to that
portion of a finite disk where the similarity solution ap-
plies. Particularly with regard to understanding the physi-
cal phenomena, this suggests that the simple Bodewadt
profiles are appropriate for this initial analysis.

PROBLEM STATEMENT

The system considered in this study (see Figure 1)
consists of a dilute solution of constant physical properties
which undergoes solid body rotation at a large distance
from an infinite stationary surface and which transfers
mass to or from a finite disk of radius b on that surface.
We restrict our attention to large rotational Reynolds
numbers, based upon the radius of the active disk (Re =
wb®/v), such that the momentum boundary layer thickness
is small compared to the disk radius (Re** >> 1). The
problem is to find the concentration field in the fluid and
the mass-flux at the disk surface.

The convective diffusion equation for the case of axial
symmetry is

0 0 92 1 0
Vi—+V, ”:D{ °¢_i(,_i)1
922 r 9r ar J

or 0z
(3)
and the boundary conditions of interest are
0
1. 0=z=w r=0 Lo (4)
or
2. 0<z=o r— 0 c—>c, (5)
3. z—>» 0=r=ow c—>C, (6)
a
4 z=0 b<r=o A N
0z
Sa. z2=0 0=r=b C=Cy (8a)
orb.z=0 0=r=b —D-(-92=no
9z
dc
orc.z2=0 0=r=b —Db—=2Pm(cm—co)
z

(8c)

The first boundary condition specifies symmetry about the
axis of rotation. The second and third impose uniform
ambient concentration at infinite distance from the trans-
ferring surface. The fourth boundary condition requires
that the surface be inert for all radii greater than that of
the disk. Boundary conditions (5a) and (5b) clearly
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Mass-Transferring
Surface

Fig. 1. Coordinate system for mass transfer from a rotating fluid to
a finite disk (radius b) on an infinite stationary surface.

demand that the disk provide either a surface of uniform
concentration or a surface of uniform flux, respectively.
Another case of physical interest (Colton and Smith, 1972)
arises if the disk is thought to be a membrane of diffusive
permeability P, which is bounded on the other side by an
identical rotating fluid. In this case, the system becomes
symmetrical about a plane through the center of the
membrane, and the concentration in this plane is constant.
The resulting boundary condition is given by Equation
(8¢) in which ¢y, is the concentration in the center plane
of the membrane divided by the membrane-external fluid
partition coeflicient and ¢y is the concentration in the fluid
at the membrane surface.

The limit b — % reduces this problem to the trivial
solution ¢ = ¢y, for all z, = 0, whereas no such difficulties
are posed by this limit for the case of a rotating disk. This
distinction between the rotating disk and rotating fluid
follows intuitively and is qualitatively consistent with
the difference between the steady state solutions for nor-
mal and reverse stagnation flows (Chan and Scriven,
1970), respectively. Hence, a finite transferring surface
is the only case of physical interest, the interesting paper
by Lugt and Schwiderski (1965) notwithstanding.

In dimensionless form the problem becomes

xFa—0+Hi
ox ;14
1 920 1 [1 0 ( 80)]
=— —_— - — —_— 9
Sc{alz-l-Re x ox xax (%)
a0
1. 0=l= x=0 —_—= (10)
ox
2, 0<{=0w x—> 0 6—>0 (11)
3. [—>» 0=x=0e0 6—>0 (12)
a0
4. [=0 1<x= o0 =0 (13)
il4
5. (=0 0=x=1 =1 (14a)
o
orb.{=0 0=x=1 ——= (14b)
14
[/}
orc. {=0 0=x=1 —2—5=Shw(1—0w)
(14c)

The dimensionless concentration in Equation (14b) has
been redefined for convenience as ® = Re%: D #(c,, —
c.)/(nob). When this boundary condition is applicable,
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¢ in Equation (9) is replaced by ®. The wall Sherwood
number Sh,, of Equation (14c) is proportional to the ratio
of the mass transfer resistance in the fluid to that in the
wall, As has been established (Colton et al, 1971) for
boundary conditions of this nature, Sh, = « is equiva-
alent to a constant concentration boundary condition, and
Sh, = 0 is equivalent to a constant flux boundary con-
dition.

In this study, numerical solutions of Equation (9) are
obtained with slightly modified boundary conditions, and
limiting analytical solutions are derived by various tech-
niques for regions of the concentration field where one or
more terms in Equation (9) are approximately or identi-
cally zero. These solutions serve to complement and sup-
plement the numerical solution as well as to elucidate the

underlying physics.

NUMERICAL SOLUTION

Equation (9) was solved numerically on a digital com-
puter. A term of the form 86/, where + = FoReSc, was
added to the equation, and the transient solution was ob-
tained using the alternating difference implicit procedure
of Peaceman and Rachford (1955). The solution was con-
tinued until 4 at all points converged to a time-invariant
value within a prescribed tolerance.

To accommodate a finite grid, the outer radial boundary
condition was imposed at x = ., and the far field bound-
ary condition was changed to read d8/d; = 0 and was
imposed at { = {.. This change is compatible with the
boundary layer approximation and with the marked dis-
parity between the axial length scales which are appro-
priate to the near field and far field regions (see below).
Thus, the boundary conditions actually employed were

%2a. 0<{=( x=x,  6=0 (15)
d
3a. (= 0=x=z2, EZ: (16)

Relatively equal accuracy over the entire field was attained
with equally spaced grid points in a transformed coordinate,
y =In({+ 1)/In(Z. + 1), 0 =y = 1. All results reported
are for x, = 1. This is tantamount to ignoring leakage by
radial diffusion to the region x > 1, an assumption which
is appropriate for moderate to high Schmidt numbers with
the high Reynolds numbers considered here.

Mass transfer coefficients were calculated from the con-
centration gradients at the wall, as defined in dimension-
less form by

a0

St Sc Re = — (—-) (17)
/=0

An initial progression of time steps was employed to

ensure stability. Convergence of the steady state solution

was tested by standard procedures; a 50 X 50 grid was

judged satisfactory. Additional details are available else-
where (Colton, 1969).

ANALYTICAL SOLUTIONS

We focus here upon regions of the concentration field
which are amenable to approximate analytical solution and
for which the numerical solution yields reduced accuracy
or is u]nalttamable. These solutions are valid over a sur-
prisingly large range of Schmidt numbers. Th i

: 3 e
are dealt with separately below, exceptions
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Leading Edge

Consider the leading edge of the disk where the con-
centration boundary layer initially develops (see Figure
2a). Near the wall, the radial and axial velocity com-
ponents may be approximated by their Maclaurin series
expansions. Since F(0) = H(0) = H’(0) = 0 and H”(0)
= — 2F’(0), as required by the velocity boundary condi-
tions and the continuity equation, these become

szpwn+%me+”. (18)

moz—wme+%ﬂwm@+n. (19)

For large values of Schmidt number, the effects of mass
transfer near the leading edge are confined to a thin region
near the wall which is small compared to the momentum
boundary layer thickness, and we may approximate F and
H by the first term in their respective series expansions.
Combining Equations (1)}, (18), and (19) with Equation
(3) leads to

ro F(0)0 % a0y
or 0z

92 1 ¢ 0
:D{ C+——(rﬁ)} (20)
022 r or ar

where, from Bodewadt (1940), F/(0) = —0.94197. If
attention is restricted to the region b — r << b, compari-
son of the radial convection and axial diffusion terms
yields a trial similarity variable

F4
X_Sc

[EOP (s [w()]
’ (21)

where In (1/x) has been substituted for (1 — x) to ob-
tain a modest improvement in the solution away from the
immediate leading edge and the form has been improved
by a posteriori adjustment. At this point, the approaches
for constant concentration and constant flux boundary
conditions diverge.

Equation (20), when expressed in terms of x, may be
reduced to an ordinary differential equation if the axial
convection and radial diffusion terms are negligible. This
limits the region of validity of the solution to In(1/x) <<
1, that is, roughly the outer 10% of the disk, and to
ReSc?3 [In(1/x)]¢® >> 1. The latter constraint is not
severe except in the immediate vicinity of the leading
edge. Equation (20) now becomes

O+ 32 ¢ =0 (22)

with boundary conditions §(0) = 1 and 8 ~> 0 as x —> o,

which leads to
5 7)
el
Y ( 3 s X

f=1— ——m— (23)
*(3)

The local and area-averaged dimensionless mass transfer
coefficients become, respectively,

St Sc2/3 Rels2
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[ )]
=0.528[ln<-i—)]-1/3 (24)

) [_ F’(0)
9
) (25)

Note that the dependence of the mass transfer coefficient
upon Sc and Re in the leading edge region is the same
as that found for the rotating disk at high Sc (Sparrow
and Gregg, 1959).

If the disk provides a surface of uniform flux rather
than one of uniform concentration, then Equation (14b),
—d®/di = 1, replaces the constraint that §(0) = 1. In this
case, it proves convenient to define

o= [ - -F-'éi)]wa sc—l/s[ ln<%—)]”3 f(x) (26)

and

St Sc/3 Rel/z — 91/3

r ( 2
1/3
3 ] — 0.901
( 1
r ——
3

and if axial convection and radial diffusion are once
again neglected, Equation (20) becomes

7+ 3f —3xf=0 (27)
subject to —f(0) = 1 and f — 0 as x > co. The solu-

tion is
2 1
y (—,x3 ) i

e X 3

T

The local dimensionless mass transfer coefficient is now

given by

r
i
|

f= — X

1
@(0)

St Sc Rel/?2 = (29)

or

wsennsn e (D)L [w(2)]
= 0.638 [ln (%) ]—”3 (30)

The ratio of the mass transfer coefficient between the

constant flux and constant concentration boundary con-
2 4

ditions is thus simply T (-§> /I‘(-é—) = 1.209, as is

typical of Leveque-type solutions (Colton, et al., 1971).

Far Field

Consider the concentration field far from the surface.
Beyond the momentum boundary layer the axial velocity
is constant and the radial velocity is negligible, in which
case the radial convection term vanishes. Both axial con-
vection and diffusion act in the same direction, depletion
occurring only by radial diffusion. Furthermore, axial
convection will be dominant relative to axial diffusion if
Sc { >> 1 (or Sc Re'/? z/b >> 1), as may be shown
by examination of Equation (3). In this case, mass will
be carried far from the transferring surface and the axial
length scale will be far greater than the radial length
scale. This suggests an asymptotic analysis characterized
by a diffusion length scale 8. which is akin to a bound-

AIChE Journal (Vol. 18, No. 5)

P

42 | 4
> |

! !
t :
i .

! S i
i !
\
|
|

7 Boerzary cimils of
pread:ng Concentration

1 i
A
Developing Concentrafon | '
Boundary Layer 4 . !

I I v/

- — —_

a Leadirg Edge b Far Fie'd

Fig. 2. Nature of approximate analytical solutions.

ary layer thickness (see Figure 2b).
The convective diffusion equation now becomes, in
dimensionless form,

H(w)—aa{i: SclRe [%%(x-%f—)] (31)

which suggests the similarity variable

Ry
7 5 Rel/¢ Sc E (32)
A similarity transformation for # may be found by
imposing the steady state compatibility condition that the
mass transported through a plane perpendicular to the
axis of rotation must be independent of z and equal to the
total mass transfer rate:

© ]
N = fo [ Vilc —c.) — D%]%rdr = constant (33)

If axial diffusion is neglected relative to axial convection
in the far field, this becomes

SFScRe =2H(s0) |, 0—ndy (34)
which suggests a similarity transformation of the form
& g(n) .
6 = A St Sc Re —— 3
¢Re =0 (33)

where A is an adjustable parameter to be determined
from Equation (34) once g(s) is known. Substitution
for 6 in Equation (31), followed by rearrangement, yields

d [ 1 dg] 1 d
| = —H — 2] =0 36
Ll + (w)dn[ng] (36)
subject to g’(0) = 0 and g(%) — 0 as n > . Repeated
integration gives
H (o0
g =Bep |~ 12 | (a7)

Equations (34), (35), and (37) now yield AB = 1/4,

whence

H(x)

_§t—ScRe [

x?.
- Rel/? sC_——] (38)
4(z/b)

(z/b)

where St is to be evaluated from the results of the nu-
merical solution, and, from Bédewadt (1940), H() ~
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1.35. The shape of the concentration profile is seen to be
a function of both r and z, whereas the amplitude is de-
pendent on z alone. Equation (38) is the solution for a
point source of finite strength and thus may adequately
represent a real source of finite area only if § << 1.

The above analysis is appropriate to the physical
problem described at the outset of this paper. However,
the numerical problem has been solved subject to Equa-
tion (15) and with x. set equal to unity. For reasons to
be developed below, this modified boundary condition is
thought to have little effect upon the prediction of the
mass transfer rate. It can have a substantial effect upon
the details of the far field but not on the underlying fact
of a balance between axial convection and radial diffusion
therein.

For the purpose of illustrating the physical behavior and
for comparison with the numerical solution, an analytical
far field solution has also been developed subject to Equa-
tion (15) with x, = 1. The other boundary condition has
been taken as

{—6L=0 8 = 0(%, x) (39)

where {, is an arbitrarily selected plane at the base of
the far field region and 8(o, x) is to be determined from
the numerical solution. As posed, the problem is formally
equivalent to obtaining the transient solution for the
temperature of an infinitely long cylinder having uniform
initial temperature (%, x) which undergoes a step
change in the temperature at the surface to zero (Carslaw
and Jaeger, 1959). By inspection one obtains

0=x=1

© )\nZ(C — CO)
a0 = Zaew [ -5 ] wew
(40)
where
J: % 8(Lo, %) Jo(Anx) dx
an = 2 ]lg(xn) (41)

In practice 6({y, x) was evaluated at {, = 20.

Low Schmidt Number

If as Sc = 0, Re'’? Sc remains large compared to unity,
a balance between convection and diffusion is still main-
tained over the entire concentration field. Furthermore,
the far field solution retains its validity subject to the
constraints described above. However, if both Sc and
Rel/? Sc approach zero, the concentration field near the
disk is determined solely by diffusion, and (Carslaw and
Jaeger, 1959)

kb 4

—— Y —

D 7 (42)

for a disk of uniform concentration with ambient con-
centration imposed at infinity. This asymptotic result has
been obtained in the region near the axis of rotation by
numerical solution for S¢ = 103, Re = 104

RESULTS AND DISCUSSION

Unless otherwise specified, all results were obtained
for Re = 104,

Mass Transfer Coefficients

Local Stanton numbers for a disk which provides a
surface of uniform concentration are shown in Figure 3
as a function of radial position. The mass transfer coeffi-
cient is infinite at the leading edge and decreases mono-
tonically to the axis of rotation, emphasizing the highly

Page 954 September, 1972

nonuniform accessibility of the surface. The radial varia-
tion is seen to be nearly independent of Schmidt number
for Sc = 10. The leading edge solution is good to within
10% down to x = 0.8 for high Schmidt numbers and is
valid over progressively more limited regions as Sc de-
creases with Re fixed. The high Schmidt number asymp-
tote for the rotating disk (Sparrow and Gregg, 1959)

St Sc2/3 Rel/? ~ (.62 (43)
is shown for comparison. The leading edge solution is seen

to cross the numerical solution at x > 0.95. It is reasonable
to assume that the former solution is a better representa-
tion in this region because the numerical grid is uniform
in x and is therefore too coarse to represent adequately
the very large and rapidly changing radial gradients which
occur in the immediate vicinity of the leading edge. This
leads to a modified procedure for calculating the area-
averaged Stanton number. Denoting the point where the
solutions intersect as x;, use of Equation (24) leads to

— 1 x 00
ssennanzz{ L[ (-2) La
Scl/3 0 a{ £=0

I Leoding Edge Solution |
 Rotating Disk Equation (24) b :

-
o

-

10 N . ., . i L
0 [o]] 02 03 04 05 06 07 o8 09 10
X

Fig. 3. Dimensionless local mass transfer coefficients as a function of
radial position.
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Fig. 4. Dependence of average mass transfer coefficient on Schmidt
number.
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X

1\ /8
[»(3)]

x
The first integral is obtained from the numerical solution
and the second may be integrated by parts to obtain a
finite value. The results of these calculations are shown

in Figure 4. For a very high Schmidt number, the follow-
ing asymptotic expression obtains

1
+0.528 le dx } (44)

Sc— w St Sc?/3 Rel/2— 0.768 (45)

Equation (45) is valid with only a small change in the
coefficient down to surprisingly low (Sc~1) Schmidt
numbers. Furthermore, the fact that the average mass
transfer coeficient is greater for the rotating fluid than for
the rotating disk is at first surprising in view of the influ-
ence of the direction of convection normal to the surface
(Chan and Scriven, 1970). The reason becomes apparent
upon closer inspection of Figure 3. Although the local
Stanton number over the inner 70% of the stationary
disk is smaller than on the rotating disk, the values near
the leading edge are markedly higher. This, and the
greater weighting given to this region, accounts for the

| Leading Edge Solution . _
’ Equation (30)

—-———
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e
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M
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Fig. 5. Dimensionless local mass transfer coefficients as a function of
radial position for a permeable wall boundary condition, Equation
(14¢). Se¢ = 103,
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Fig. 8. Concentration field for Sc — 1. Numerical solution for T =
2040.

higher average value and for the fact that the leading
edge solution, Equation (25), predicts an average Stan-
ton number less than 209 higher than the actual value.
The relative importance of the leading edge in the overall
transport process is apparent when one calculates that
half the total transport takes place on the outer 15% of
the disk and only 10% occurs on the inner half. It is also
now apparent that for these examples the computed mass
transfer coefficient should be essentially independent of
the value of x. at which the radial boundary condition is
imposed.

The effect of a permeable wall boundary condition on
the local Stanton number for Sc = 103 is presented in
Figure 5. The curve for Shy, = o is the same as that
for the constant concentration boundary condition in
Figure 3. As expected, Stanton number increases uni-
formly with decreasing wall Sherwood number. The lead-
ing edge solution for a constant flux boundary condition
compares favorably with the numerical solution for Shy,
= 10~! in the region of mutual validity. Although the
ratio of the two limiting analytical solutions for Stanton
number is independent of x, it is clear that this ratio actu-
ally becomes progressively larger as x decreases. The
behavior of the average Stanton number is shown in
Figure 6 where ¢(Shy), the ratio of the average mass
transfer coefficient at finite Sh,, to the value at Sh,, = oo,

September, 1972 Page 955



is plotted versus Shy. As Shy, — 0, $(Shy) tends to an
asymptotic value of 1.262.

Concentration Field

The concentration field obtained from the numerical
and leading edge solutions is shown for S¢ = 10% and 1,
respectively, in Figures 7 and 8. (No perceptible differ-
ence was observed with a Reynolds number variation of
103 to 105 at Sc = 10%.) Concentration decays sharply
with increasing { near the leading edge but changes very
slowly near the axis of symmetry. Within its region of
validity, the leading edge solution is seen to agree remark-
ably well with the numerical solution. Large-scale oscil-
lations in concentration occur within the region of oscil-
latory flow, and the maxima and minima correspond to
points of radial flow reversal. The oscillations are larger
at fixed x, and are discernible at lower values of x, for
the higher Schmidt number, as is to be expected from
the greater relative importance of convection. This is
easily visualized. Near the wall, dilute fluid is drawn
inwards towards the axis and acquires mass by transfer
from the disk. This relatively concentrated fluid is subse-
quently pumped outwards from the interior, giving rise
to the oscillations shown.

!
©:00128 Xx:098

For Field
\ Sofution  —-—
v Equation {40)

\ Numerical ——m—
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Fig. 9. Transient development of concentration field for Sc¢ — 1.
Solid lines (v — 2040) correspond to those in Figure 8.
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Fig. 10. Near-field boundary layer profiles, defined by 6 = 10—2,
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The transient development of the concentration field is
shown in Figure 9 for Sc = 1. At very short times only
axial diffusion is important, and the concentration field
is independent of x. With increasing r, the field penetrates
into regions where axial convection dominates, and the
solution propagates as a wave (with a speed equal to
the axial velocity) in front of which concentration drops
off sharply and behind which the field has attained its
steady state value. The sharpness of the wave front is
ameliorated only by axial diffusion, and the eventual at-
tainment of steady state at all finite distances from the
surface is a consequence of depletion by radial diffusion.
In a sense, the mass being transported cannot “see” far
ahead of itself, and the field behind the concentration
wave is at its steady state. For the most part, the transient
propagates almost uniformly with x, although the leading
edge region reaches steady state first. This effect becomes
more pronounced at high Schmidt numbers, for which
markedly longer times are required in the vicinity of the
axis. The modest oscillations observed at the edge of the
concentration wave are doubtless spurious residual insta-
bilities in the numerical solution. The numerical solution
was arbitrarily terminated at + = 2040 after 250 time
steps. Even at this very long dimensionless time, the edge
of the far field had not reached steady state, as is shown
in the figure by the comparison with Equation (40).

The concentration boundary layer thickness 8. defined
as the value of { at which § = 1072, is shown in Figure
10 for the near-field region. At high Schmidt numbers,
8. builds up sharply at the leading edge and then increases
in thickness less rapidly with decreasing x. There follows
an inflection point, and the boundary layer thickness then
grows more rapidly as axial convection becomes more im-
portant. The curves show that near the leading edge, the
concentration field does in fact scale according to ¢ Sct/3.
The multi-valued nature of 3. is a direct consequence of
the oscillations in the concentration field.

The complete envelope for § = 10~2, including the far-
field region, is presented in Figure 11. This is a composite
plot representing various solutions, as indicated in the
figure caption. The far field solution given by Equation
(38) was combined with Equation (45) to yield, in
modified form,

Re Scl/3

2
6 = 0.192 exp [ —0.3375 Sc Re %]

(46)

For sufficiently high values of the Schmidt number, the
agreement between this simple expression and the more
complex solution given by Equation (40) is striking. The
far field solution is clearly insensitive to the value of x.
and to the starting condition at the edge of the oscillatory
region.

CONCLUSIONS

We can now draw a coherent picture of this interactive
transport process. Mass is convected predominantly radi-
ally inwards near the surface and axially upwards over
the entire region. Axial diffusion acts in the same direction
as axial convection, while radial diffusion acts in the
opposite direction to the predominant radial convection
and, in the region beyond the momentum boundary layer,
acts to deplete the mass being transported axially. The net
result for high Schmidt numbers is to transfer mass within
the near field toward the axis of symmetry and to bring
about a strong variation in the mass transfer coefficient
with radial position. Beyond the momentum boundary
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layer, radial diffusion is so slow that an extremely long
plume results. As Schmidt number decreases, the plume
recedes towards the surface because radial diffusion be-
comes more effective in depleting the region near the axis,
and the boundary layer on the transfer surface grows in
thickness.

The concentration fleld in the near field region, which
serves to establish the mass transfer rate from the sur-
face, depends in large measure upon the gradient of the
radial velocity component at the surface and is relatively
insensitive to the boundary condition beyond the leading
edge and to the region of oscillatory flow which lies above
it. The latter, while producing interesting oscillations in
the concentration field, serves primarily to establish the
starting conditions for development of the far field. These
conditions, however, are soon forgotten, and the concen-
tration field at very large { is insensitive to the conditions
near the surface and at moderate distances away from the
axis. Hence, no portion of the concentration field looks far
ahead, and one portion is so far removed from its origin
that it does not look relatively far behind. These charac-
teristics, in addition to the propagating-wave nature of
the transient solution, lead us to conclude without too
much distortion of the truth that, over selected regions
of the concentration field, the mass being transferred
doesn’t know where it’s going and may have forgotten
where it came from.
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NOTATION
A

an

numerical constant in Equation (35)

coefficient in Equation (40}, defined by Equation
(41)

numerical constant in Equation {37)

radius of disk which exchanges mass with fluid
concentration

molecular diffusion coefficient

function of {, dimensionless radial velocity com-
ponent profile (Bodewadt, 1940)

Fourier number, Dt/b?

function of y, defined by Equation (26)

function of ¢, dimensionless circumferential ve-
locity component profile (Bédewadt, 1940)
function of 5, defined by Equation (35)

function of ¢, dimensionless axial velocity com-
ponent profile (Bodewadt, 1940)

Jo(x) = Bessel function of the first kind of order p

i n

Wi nn

S
it

DA™ TS oW

1

k = local mass transfer coefficient, — D (86/9z) ,=¢
k = area-averaged mass transfer coeflicient

N = mass transter rate from entire disk surface

ng = uniform mass flux at disk surface

P, = membrane permeability

r = radial coordinate
Re = Reynolds number, v 5%/v
S¢ = Schmidt number, /D

1o
Sh, = wall Sherwood number, 2 P,, / [D (—(-D—-) ]

v

St = Stanton number, k/wb

St = area-averaged Stanton number, k/wb
t = time

V= velocity

x = dimensionless radial coordinate, /b
z = axial coordinate

Greek Letters

T'(a) = gamma function

y(a, ¥) = incomplete gamma function

8. = concentration boundary layer thickness

8 = characteristic length for radial diffusion near the

axis of rotation
dimensionless axial coordinate,

L = z(w/v)% = (z/b)Re*
7 = dimensionless similarity variable,

Equation (32)

L

defined by

4 = dimensionless concentration, (¢ — ¢.)/(cy — C.);
for permeable wall boundary condition, (¢ — ¢.)/
(em — C.)

X, = rootsof Jo(\,) =0

v = kinematic viscosity

T = dimensionless time, Fo Re S¢ = ot

@ = dimensionless concentration for uniform flux
boundary condition, D Re% (¢ — c.)/n¢ b

¢ = circumferential coordinate

X = dimensionless similarity variable, defined by
Equation (21)

® = angular velocity

Subscripts

m = midplane of permeable wall
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0 = arbitrary position at base of far field region, mem-
brane surface

radial

surface of disk; wall

axial

circumferential

position of far-radial or far-axial boundary con-
dition

gong ™
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Mass Transfer to a Rotating Fluid

Part Il. Transport from the Base of an Agitated

Cylindrical Tank

Mass transfer to the base of an unbaffled cylindrical tank which is agi-

tated by an axially-mounted impeller is studied experimentally and theoreti-
cally. Measured local mass transfer coefficients vary with radial position and
fall within theoretical bounds derived for the case of a fluid undergoing
solid body rotation above the boundary layer on the base. Average mass
transfer coefficients and torque delivered to the base are fitted by consistent
theoretical expressions, and an empirical correlation is developed for calcu-

lating the average liquid phase mass transfer coefficient.

CLARK K. COLTON
and KENNETH A. SMITH

Department of Chemical Engineering
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

SCOPE

The stirred tank is a convenient geometry for the study
of interfacial mass transport and the measurement of mem-
brane transport properties. For example, diffusive per-
meability is commonly measured in a dialysis cell in which
a membrane separates two identical unbaffled cylindrical
chambers, each of which is agitated by an axially-mounted

impeller placed in close proximity to the membrane sur-
face. A similar arrangement may be employed, sometimes
with only one chamber and a supported membrane, for
the evaluation of filtration properties.

Assessment of intrinsic membrane properties is compli-

Page 958 September, 1972

cated by the resistance to mass transfer offered by the
concentration boundary layers adjacent to the membrane.
Transport of a rapidly permeating solute across a mem-
brane may be wholly or partially rate-controlled by these
boundary layers and not by the membrane at all. The
usual approach is to minimize the liquid-phase resistances
by intense stirring. Some workers have used a Wilson Plot
method wherein measurements are made at different stir-
ring speeds and extrapolated to infinite speed. In few
instances has the average mass transfer coefficient been
measured directly, and never previously in the specific
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